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Mode shape description of an aero-engine casing structure

using Zernike moment descriptors
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Abstract: Vibration mode shape description of an aero-engine casing structure using Zernike moment de-

scriptor (ZMD) was introduced in this paper. The mode shapes of the aero-engine casing structure can be de-
P pap P g g

composed as a linear combination of a series of Zernike polynomials, with the feature of each Zernike polynomi-

al reflecting a part of characteristic of mode shapes, based on Zernike moment transformation. Meanwhile, the

reconstruction of mode shapes with ZMD was explored and its ability to filtering the noise contaminated in the

mode shapes was studied. Simulation of the aero-engine casing structure indicated the advantage of thissmethod

to depict the mode shapes of a symmetric structure. Results demonstrate that the-Zernike-moment description

of the mode shapes can effectively describe the double modes in the symmetric structure and also has the ability

to remove or significantly reduce the influence of noise in the mode shapes.Such feature shows\ great practical

value for further research on the correlation, model updating’and model validation of the symmetric structure’s

finite element model.

Key words: Zernike; mode shape; modal assurance criterion (MAC)s-reconstruction; neise filtering

CLC number: O174.43; V231.92

Introduction

In structural dynamics, ‘correlation analysis
between prediction from, finité element-analysis
and measured data is a crucial/step in model vali-
dation and updating" ™. “The current method,
the modal assurance criterion (MAC)', is an
indicator of the closeness of a finite element pre-
diction to a measured mode and can be interpre-
ted as the cosine of the angle between the nu-
merical eigenvector and a measured mode shape.
In recent years, laser-based techniques such as
continuous scanning laser Doppler vibrometry
(CSLDV) and electronic speckle pattern inter-
ferometry (ESPI) have been applied in structur-
[5-6]

al dynamics With this new technology, a
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large number of degrees of freedom (DOFs) can
be measured and more accurate mode shapes can
be achieved in a relatively short testing time.

In the research of European Commission
Framework 6 Integrated Project VIVACE (Val-
ue Improvement through a Virtual Aeronautical
Collaborative Enterprise), Zang et al. made a
comprehensive assessment of using full-field vi-
bration measurement in structural dynamics,
and suggested further requirements for develop-

ment of such technique!™.

A grounded plate
used as an example to demonstrate the benefits
of using detailed mode shapes for model correla-
tion and updating in the validation process‘™,
and the finite elment (FE) model updating is a-

chieved using measured data obtained from
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CSLDV  techniquet”.

measured the dynamic behavior of a cylindrical

Schwingshackl et al.

structure (an aero-engine casing) using CSLDV
technique with a previously unachievable spatial
resolution in a much shorter time than conven-

Lol - However, it

tional measurement methods
is still under research how to effectively use
these detail and redundant modeshape data in the
model validation process.

Research found that the MAC index encap-
sulates all the information contained in the
difference between measured and predicted
modes, which means that an appreciation of sub-
tle changes in shapes, either locally or globally,
is clearly unobtainable form the MAC value in
the case of large and complicated industrial sys-
tems. In addition, for a symmetric structure,
MAC also has the difficulty to distinguish the re-
peated modes which have same frequencies but
different mode shapes.

Zernike moment is based on a set of coms=
plex polynomials that form a-complete_orthogo-
nal set over the interior ‘of the unit-circle. Tt-is
found that the~Zernike moment is‘\one of-the
most important” region-based shape descriptors
because of its outstanding properties, including

£12-13]

(1) rotational invariance ,(2) rebustness to

14 (3) reconstruetion i§ easy and (4) com-

noise
puting efficiency. Therefore, it is widely used in

image processing and pattern recognition",

Most recently, the method of mode shape recog-
nition and finite element model updating using
the Zernike moment descriptors (ZMDs) is re-
ported in the Ref. [16] for the first time and a
two-dimensional (2-D) disk with one direction
vibration is used as an example. As an exten-
sion, we will introduce an approach to deal with
a three-dimensional (3-D) symmetric structure
— an aero-engine casing, with vibrations in the
3 directions. The resultant mode shapes of the
structure are first divided into the x, y, ¥ direc-
tions and the mode shapes in each direction are
decomposed as a linear combination of a series of
Zernike polynomials, with the feature of each

Zernike polynomial reflecting a part of character-

istic of mode shapes, based on Zernike moment
transformation. The reconstruction of resultant
mode shapes are integrated from those in the z,
y, 2 directions. Simulation results demonstrate
the superiority of describing symmetrical struc-
tural mode shapes using Zernike moment de-
scriptor (ZMD). The ability of filtering the
noise contaminated in the mode shapes of pro-
posed method is also discussed.

This paper is organized as follows. In sec-
tion 1, methods of describing mode shape using
ZMDs and reconstruction of mode shape are giv-
en. Section 2, the case study, an example of
simplified aero-engine casing structure demon-
strates the superiority of ZMDPs and effectiveness
of filtering the noisé contaminated)|in mode
shapes. Finally, the summary of totdl paper is

givens.
1 Mode shapes-description using ZMD

1. I-—Zernike moment descriptor

Generally, Zefnike moments are based on a
set of-ecomplex polynomials that form a complete
orthogonal set over the interior of the unit cir-
cle. They are defined as the projection of the im-
age on these orthogonal basis functions. Specif-

ically, the basis functions V., (p,0) are given by
VinCps O = R,..(p) ™ [@D)

Where i=+/—1, nis a non-negative inte-
ger, representing the order of the radial polyno-
mial, m is positive or negative integers subjects
to constraints n— \m| even, and n< \m| , repre-
senting the repetition of the azimuthal angle. pis
the length of vector from the origin to Cx, y).
0 is the azimuthal angle between vector pand the
x-axis in counterclockwise direction.

Radial polynomial R,.,, is defined in Eq. (2) .

2l
- (_1)5(71_ s)!prﬁZS
Rﬂq"l -
@ z; ,[n+|m\ ] [n—lm\ J
N R R ]
2 2

(2
As the complex Zernike polynomials are or-
thogonal, they will satisfy the orthogonality

condition as below:
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ﬂ Vi Con O Vi (on 0 dady = 7 13,“,,37”,(1 the orthogonal function, the mode shape ¢(p,0)
Zid<i nt of the structure can be reconstructed by limited
(3) orders of ZMDs in Eq. (13).
where ¢ ¥ 7 denotes the complex conjugate and

Onps Omq are Kronecker deltas that satisly:
o= %
0 174
Hence, the Zernike moment of order n with
repetition m for a mode shape ¢(x, y) of a struc-
ture is given by
Zyw = n+ 1 H Py Vo, (x,y) dady
a +y =1
(5)
The formula can also be expressed as fol-

lowing in the polar coordinates,
Z,, — & J OV a0 pdpdd) (6)

The ZMD of a mode shape of the structure
may be calculated by replacing the integral in

Eq. (5) by the summation.
Zoim 2 Zt,b(l,y)vn w (s ) P

1.2 Rotation invariance of ZMD

ZMD has the feature of rotation\invariance.

Let the mode shape ¢'Cp, 0 'be the rotated-node

shape of ¢(p,® by angle a\about its origin,
that is

¢ (s = P pl— @ &)

The Zernike montent of the rotated mode

shape in the polar coordinate is,
Zi = LS SV 00— (9)
o 0

or
Ziw = Zume ™ (10
Here, the magnitude of the Zernike moment
of the rotated mode shape and that of the refer-
ence are the same, i. e,
| Zoonl =12, (1D
Whenever the Zernike moment is known,
the rotational angle can be determined as,

— arg( Z;-V)I/anﬂl)

m

12

where m is the repetition of the azimuthal angle.
1.3 Reconstruction of mode shapes

According to Fourier expansion theorem of

max Z(Rc)
P(p,0) == Z{—;—Rwu,ew
p=0

Z[z(kycos<q@>+z“ sin(¢®R, m,e»”

0
(13)
where Z% and Z%, respectively, is the real
and imaginary of the Zernike moment, and may

be determined as,

Z5 =

2(11+1)J J Pps DR, Cps O cos(md) pdpd0;
(m> 0) (14
Z(Im) -~

Z(HH)J J¢<p,e>R,.,,1<p»9>%m<m9>f’dpd9

(m'=0) 15
The relationship between Z% and Z\% with
Z.is-defined as,
ZR = 2Re(Z,.,.) (16)
Zom =—21m(Z,...) an
where, Re(Z,.,,) and Im(Z,,,,) is real and imagi-
nary of Z, . respectively.
A correlation coefficient based on mean-
square error can be defined as,

corr(', ) =
ﬂaw'—@»w—@dA

o =wran][[ o=praa]

(18

where, ¢’ and ¢ denote reconstructed mode
shape and original one respectively.
And,
| paa
gy = avy
| aa
o
] gaa
o= (20)
| aa
0

The value of corr(¢'.¢) in Eq. (18) is a real
one between 0 and 1. A value of 1 means that
reconstructed and original mode shapes are ex-

actly the same.
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1.4 Determination of ZMD shape feature set

Based on Zernike moment transformation,
mode shape data can be decomposed into a linear
combination of Zernike polynomials which con-
stitute the Zernike moment shape feature set:
2={Z00sZ11+Z220s22252Z51 2555 Z10s Zias Ly sr ).
Each entry reflects a part of characteristic of
mode shapes. Approximate reconstruction may
be achieved with proper choice of shape feature
set. Similarly, because of the property of ro-
bustness to noise, the systematic noise and
measurement error may be eliminated or de-
creased if proper shape feature set is chosen.

One of the major concerns is how to deter-
mine proper shape feature set, in another word,
how we choose the maximum order of ZMDs,
Niax » when the mode shape is decomposed into a
linear combination of Zernike polynomials. A
reasonable method may be as follow: set an ini-
tial value which may be 3 as the maximum or-
der, then compute ZMDs of mode shapes and
shape feature set will be detérmined. Next, cal=
culate the correlation between original_and re-
constructed mode shapes; if the\value of correla-
tion is larger than a given threshold 8 -we con-
sider that the maximum) order\is which we wan-
ted. If not, the initial value in¢reases 1, previous
processing is redone-again till the value meets re-
quirement. The flowchart is shown in Fig. 1.

l Start

!
‘ ‘ Import mode data | |

!
H Initialize N, Z and & H

moments

_‘ ‘ Compute order Zernike | |

Determine the e-'h:ipv
feature set

‘ ‘ R!'('(I]"I:-'ll'lill'[il]ll ‘ ‘

I

< cort{—if 1>57 >L- nisassigned to N
N
oot |

Fig. 1 Flowchart of determining maximum

order of ZMDs

2 Case study:an aero-engine casing

structure

In order to testify the capability and advan-
tage of dealing with the double modes of sym-
metric structures using ZMDs, a symmetrically
cylindrical structure, an aero-engine casing
structure, is used as an example. The details are

described as below.

2.1 Finite element model of the aero-engine

casing structure

The finite element model of an aero-engine
casing structure is displayed in Fig. 2. It is crea-
ted with four-node quadrilateral plate elements
with 1320 nodes. The density and modulus of e-
lasticity of material properties are 7 800 kg/m®
and 2. 0 X 10°"MPa, \respectively/ Thé boundary
condition is defined as free-frees” The first 16
modes of the model are'calculated using the AN-
SYS solver. The natural frequencies are listed in
Table1-and the,corrésponding mode shapes are

plotted-in Fig. 3.

L8]

L]

Fig. 2 Finite element model of a simplified

aero-engine casing structure

Table 1 Nature frequencies of first 16 normal modes

No. of Natural No. of Natural

mode frequency mode frequency
1 30. 87 9 201. 89
2 30. 87 10 201. 89
3 80. 51 11 238. 20
4 80. 51 12 238. 20
5 82.93 13 335.83
6 82.93 14 335. 83
7 152. 92 15 353.92

8 152.92 16 3563.92
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Fig. 3 Mode shape patterns of the aero-engine casing

structure in the free-free condition

Clearly, modes 1 and 2 are double modes
with same natural frequencies but rotational
difference with respect to the symmetric axis of
structure (z-axis). Modes 3 and 4, 5 etc

are the same. P

~ o~

In order to apply Zernike moment to a-

nalysis of 3-D S/tPU/C/t/UI'Ea
different direction of each node as\the gray

of image. The mode shape patterns three di-

rections are obtained using present method, as

Fig. 4 to Fig. 6 sh@.////
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Fig. 4 Mode shape patterns of the

aero-engine casing in x direction
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Fig. 5 Mode shg,pe”ﬁatterns of the

-
aero-enginé casing-in y direction

Fig. 6 Mode shape patterns of the

aero-engine casing in z direction

In each direction, the double modes of the
casing structure using ZMDs are analyzed. Here
is the illustration of modeshape patterns in the x
direction.

The AUTOMAC of the first 16 normal
modes of the simplified aero-engine casing is
plotted in Fig. 7. Values of the diagonal matrix
are close to 1 and most of those excluding the di-
agonals are close to 0. There are some relatively
values close to 0.4, for instance, the AU-
TOMAC values between mode 1 and mode 3. It

indicates a degree of correlation of both mode
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shapes. The reason may be that the modes are
supposed to be ‘orthogonal’ and the orthogonal-
ity property is only strictly applicable when the
mass matrix is used. AUTOMAC indicates that
the number of DOFs selected from the FE model
is sufficient to discriminate between different
mode shapes. However, there is no indication of

double modes from the AUTOMAC plot.

Correlation coefficient
1.0

o Moo
o g ] Mos
o
10.6
am ] Bes
0.4
0.3

0.1
0

0 2 4 6 8 10 12 14 16
Maode index

Fig. 7 AUTOMAC of the simplified

aero-engine casing

2.2 Mode shape-description using ZMD

In order tovexpress the 'original mode shapes
using ZMD, The Zernike transformation of-the
mode shapes is carried out. Initially.the number
of the maximum order-6f ZMDs is chosen as 3
and the threshold of the-match between the orig-
inal mode shapes and the reconstructed ones is
set to 0. 99. Following the flowchart of determi-
ning maximum order of ZMDs, the number of
the maximum order of ZMDs is selected to 8
(Npax = 8) for the description of the first 16
modes and their correlations between reconstruc-
ted and original mode shapes is plotted in Fig. 8.
The shape feature set is displayed in Fig. 9. The
iterative process costs nearly 10 minutes.

Not only the correlation of mode shapes,
but also rotational difference between double
Fig. 10

shows the amplitudes of Zernike moments of the

modes can be obtained using ZMDs.

first 16 modes of the aero-engine casing struc-
ture. As can be seen that only several orders of

each mode have large values reflecting significant

1.0
09r
081
071
061
05¢
04F
03F
021
0.1F

Correlation coefficient

6 8 10 12 14 16 18

Mode index

Fig. 8 Correlations between reconstructed

and original mode shapes
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Fig. 9 Shape feature set of the aero-engine casing

characteristic of the shape feature set, the other
orders are particular small, so not shown in the
figure. According to Eq. (11), the magnitude of
Zernike moments extracted from double modes
remains unchanged, regardless of their rotation-
al difference. Analogous to MAC, the correla-
tion coefficient of mode shape vectors is defined
by the Zernike moments as:

YAAE
(2,25 (Z,2D)

where r and q denote the mode number, Z, and

Zmé\c(r7 q) = (21)

Z, denote the Zernike moment magnitude of the

" and ¢™ mode shape respectively, supposed as



5% 26 &

766 W
||[ ‘II | | | ]
I 2 3 4
|11 |11 Il ll
5 6 7 2
|‘| ||| . .
9 0 0 2
1 1 I|| | |

13 14 15 16

Fig. 10  Amplitudes of ZMDs of the simplified

aero-engine casing ( Np,.=8)

row vector. T denotes the transpose.

The autocorrelation coefficients of mode
shapes are calculated, as Fig. 11 shown. It is
clearly that the autocorrelation coefficient of
double mode shapes is closed to 1, i. e. their
shapes are 100% correlated, and the double
mode shape has almost zero e¢orrelation-with any
other mode shapes. This'result is really different
with AUTOMAC, the double\mode shapes—of
aero-engine casing are reveal by\the amplitudes
of the ZMDs. A trivial spatial aliasing is also
shown. Obviously, theré is particular superiori-
ty using ZMDs describing niode shapes of sym-

metric structure.

Correlation coefficient
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Fig. 11  Autocorrelation coefficients of

the Zernike moment amplitude of

the simplified aero-engine casing

The phase differences of the Zernike mo-
ments between the rotated mode shape and that
of its reference account for the rotation angle of
double mode shapes. For instance, mode 1 has
same pattern as mode 2, just as in Fig.12
shown. However, in Fig. 13, the phase angles
of Zernike moment Z,,, which is the most lar-
gest one of the shape feature set, are different;
and the other two significant components, Zs,,
and Zg.,, come into same truth., According to
Eq. (12), by Z,,, the rotational angle is a=

arg(Zio/ Ziz) _
2

clockwise rotate 45° with respect to mode 1. An

— 45°, that means mode 2

angle of —45° is also obtained-by-comparing the
phase of the two Zerniké moments Z;.3 and Zs.,.
The rotated angles\ of other double mode pairs

are list-in Table 2.

-

\

-
-~

a) Mode 1

-

Fig. 12 Mode shape patterns and ZMDs of

(b) Mode 2

mode 1 and mode 2

Table 2 Rotated angles of double mode pairs

Double mode pair

Rotated angle/ (")

mode 3 vs mode 4 —45
mode 5 vs mode 6 30
mode 7 vs mode 8 22
mode 9 vs mode 10 —30
mode 11 vs mode 12 18
mode 13 vs mode 14 15
mode 15 vs mode 16 22.5
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(h) Made 2

Fig. 13 Z:.»+Zs.» and Zg,» of mode 1 and mode 2

2.3 Noise filtering using ZMD

In practical applications, the modal testing
normally is imprecise due to the random and sys-
tematic noise. The challenge to be faced is that
how to eliminate or reduce the noise effect in the
measured vibration modes. Consider that Zerni-
ke moment transformation is robust to-noise;_it
is a reasonable attempt to describe noised~mode
shapes using ZMD and rebuild more precise
mode shapes which noise is ‘eliminated—or re-
duced.

In the present case, original mode shapes
are interfused normal random noise.\ ¥is the rep-
resentation of intensity/of nédise, for instance,
Y=0.5 represent 50% noise is added to original
mode shapes. In this case, 7 is set as 1.

It is clearly that distortion is appeared when
noise is added into mode shapes, as Fig. 14
shown.

The precise mode shapes are reconstructed
on the base of noise robustness property of
Zernike moment. The noised mode shape pat-
terns and filtered ones of three directions are
shown in Fig. 15 to Fig. 17. N,.. =8 is adequate
for our requirement during reconstruction.

Most mode shapes have restored original
shapes after filtering noise, but distortion still
present in some low order mode, as mode 1 to
mode 4. From mode shape patterns filtered noise
(Fig. 18), it is clear that the redundant moments

affect the reconstruction of low order mode;

Fig. 14 Mode shape patterns contained‘\noise of

the aero-enigine casing structure

however, those presénting in high ofder mode is
inessential to whole mode shape feature set and
do not-werk on the reconstruction.

The change, of MAC, valies of noised and
filtered mode shapes (all with original mode
shapes) in three“directions are also calculated, as
Table 3 to Table 5 list.

Table 3 Changes of MAC of noised and filtered

mode shapes in x direction

No. of mode Noised Filtered
1 0.51 0. 84
2 0.53 0. 82
3 0.48 0.74
4 0.53 0.73
S 0. 50 0. 85
6 0.51 0. 88
7 0. 45 0. 89
8 0. 60 0.94
9 0. 50 0. 89
10 0. 49 0.90
11 0.50 0.92
12 0.51 0. 96
13 0. 46 0. 95
14 0.47 0. 95
15 0. 54 0. 87
16 0.48 0. 85




768 i

K}
gl

5% 26 &

Table 4 Changes of MAC of noised and filtered

mode shapes in y direction

Table 5 Changes of MAC of noised and filtered

mode shapes in z direction

No. of mode Noised Filtered No. of mode Noised Filtered
1 0. 50 0.77 1 0. 48 0. 68
2 0. 44 0.73 2 0. 50 0.76
3 0. 50 0.77 3 0.52 0.76
4 0. 50 0.77 4 0. 48 0.78
5 0. 50 0. 82 5 0. 44 0.77
6 0.52 0. 86 6 0.51 0. 80
7 0. 54 0. 85 7 0.52 0. 90
8 0. 50 0. 94 8 0. 44 0. 90
9 0. 55 0.76 9 0.53 0.76
10 0. 45 0.75 10 0. 50 0.75
11 0.53 0. 89 11 048 0.93
12 0. 60 0.90 12 0.53 0.93
13 0. 46 0.91 13 0. 50 0. 90
14 0. 47 0.94 14 0. 50 0.93
15 0. 54 0.79 15 0.51 0.78
16 0.48 0. 77 16 0. 48 0.78
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(a) Mode shape patterns contained noise

(b) Mode shape patterns filtered noise

Fig. 15 Mode shape patterns contained noise and filtered ones in x direction

The MAC between noised and original mode
shapes is nearly 0. 5, the two have small correla-
tion. After filtering, the MAC values are most

raised up to 0. 8, the more precise mode shapes

are obtained.
This case demonstrates that ZMD is a useful
tool for eliminating or reducing the imprecision

caused by noise.
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Fig. 17 Mode shape patterns contained noise and filtered ones in % direction
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Fig. 18 Mode shape patterns filtered noise of the aero-engine casing structure
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3 Conclusions

The mode shapes of the structure can be de-
composed as a linear combination of a series of
Zernike moment, with the feature of each Zerni-
ke moment reflecting the detail characteristic of
mode shapes. Compared to traditional MAC
method, the correlation method based on Zerni-
ke moment is more suitable for comparison of
shapes of symmetric structure. Meanwhile, The
noise robust property of the ZMDs makes it a
powerful tool for removing or reducing the influ-
ence of noise in the mode shapes.

Simulation of the aero-engine casing struc-
ture indicates the advantage of this method to
depict the mode shapes of a symmetric struc-
ture. Results demonstrate that the Zernike mo-
ment description of the mode shapes can not only
effectively describe the double modes in the sym-
metric structure but also has the ability to obtain
the angle between double mode pairs<"Such fea=
tures will be great helpful formodel-correlation
and updating in the validation process of syms-

metric structure:
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